SUMMARY In time-varying frequency selective channels, to obtain high-rate joint time-frequency diversity, linear dispersion coded orthogonal frequency division multiplexing (LDC-OFDM), has recently been proposed. Compared with OFDM systems, single-carrier systems may retain the advantages of lower PAPR and lower sensitivity to carrier frequency offset (CFO) effects, which motivates this paper to investigate how to achieve joint frequency and time diversity for high-rate single-carrier block transmission systems. Two systems are proposed: linear dispersion coded cyclic-prefix single-carrier modulation (LDC-CP-SCM) and linear dispersion coded zero-padded single-carrier modulation (LDC-ZP-SCM) across either multiple CP-SCM or ZP-SCM blocks, respectively. LDC-SCM may use a layered two-stage LDC decoding with lower complexity. This paper analyzes the diversity properties of LDC-CP-SCM, and provides a sufficient condition for LDC-CP-SCM to maximize all available joint frequency and time diversity gain and coding gain. This paper shows that LDC-ZP-SCM may be effectively equipped with low-complexity minimum mean-squared error (MMSE) equalizers. A lower complexity scheme, linear transformation coded SCM (LTC-SCM), is also proposed with good diversity performance.
Introduction
With the increase of data rates, broadband communication signals often experience frequency selective fading. Recently, cyclic-prefix single-carrier modulation (CP-SCM) with frequency-domain equalization (FDE) has attracted a lot of attention [1] [2] [3] . Similar to orthogonal frequencydivision multiplexing (OFDM) [4] , CP-SCM FDE provides much lower computational complexity than conventional time-domain equalization techniques, especially for long impulse response tail channels [1] . Unlike OFDM, CP-SCM does not suffer high peak-to-average power ratio (PAPR) as well as sensitivity to frequency and phase offsets (carrierfrequency offsets, or CFO) [4] , and nonlinear distortions [5] . The complexity of CP-SCM-FDE transmitter is simpler than that of OFDM, due to lack of Fast Fourier Transform (FFT) components, and [1] encourages the use of CP-SCM in the uplink and OFDM in the downlink in order to reduce the processing complexity at the terminal.
In [6] , high-rate linear dispersion codes have been employed to obtain joint frequency and time diversity in OFDM, known as LDC-OFDM. Although LDC has been applied to multicarrier communications, limited efforts have been devoted to investigating LDC in single stream single carrier communications. This paper investigates the application of LDC to achieve joint frequency-time diversity in CP-SCM over frequency selective channels.
This paper proposes to apply linear dispersion codes to single-carrier block communications (SCBC). Two types of SCBC are considered: cyclic-prefix single-carrier modulation (CP-SCM) and zero-padded single-carrier modulation (ZP-SCM). CP-SCM utilizes frequency-domain equalization (FDE) with lower complexity, due to its use of the computationally-efficient fast Fourier transform (FFT). Note that the complexity of time-domain equalization (TDE) using Viterbi algorithms grows exponentially with channel memory and spectral efficiency (trellis-based schemes) or requires very long FIR filters to achieve satisfactory performance (e.g., decision feedback equalizers) [1] . This paper provides and proves the sufficient condition for LDC-CP-SCM to maximize the joint frequency-time diversity gain. Moreover, this paper shows that ZP-SCM may have lower complexity using approximate frequency-domain equalization (AFDE). Both CP-SCM and ZP-SCM enjoy lower PAPR and are more robust to CFO [1, 7] .
Single-carrier communications model
The communications channel is assumed to experience frequency-selective fading, and the channel for the k-th SCM block is modeled as an L th-order FIR filter with impulse response
Channel coefficients are assumed to be constant within one SCM block but change statistically independently across different SCM blocks. Each SCM block is of size P = N C + N g , including a data symbol block of size N C and a guard interval of size N g ≥ L to avoid inter-block interferences.
Denote
S C as the channel data symbol vector transmitted during the k-th SCM block of size N C × 1 , and
, where Gaussian noise. The system signal-to-noise-ratio (SNR) is denoted by ρ.
CP-SCM case
Before transmission, a cyclic prefix (CP) guard interval is appended to each CP-SCM block. The CP is then removed at the receiver. The effective channel of the k-th SCM block is a circulant matrix H (k)
CP S C with elements
. Hence, the CP-SCM block system can be modeled as
where r
(k)
CP S C is the received block after CP removal, and v (k) CP S C is the corresponding noise vector.
At the receiver, the received block r
CP S C is first processed by an FFT to generate block y
CP S C , where F K denote the discrete Fourier transform (DFT) matrix, representing the K-point fast Fourier transform (FFT) with entries, [
Due to the circulant property,
Thus, the frequency domain system equation is
ZP-SCM case
Due to zero padding, the ZP-SC system model does not have a simple frequency domain format shown in (2) . However, the ZP-SCM system model can be written in block matrix form in the time domain as,
where
ZP S C is the received block of size P × 1, and v
(k)
ZP S C is the corresponding noise vector. Due to the Toeplitz structure, H (k) ZP S C is guaranteed to be invertible, regardless of the channel zero locations in reality [8] .
LDC Encoding
It is assumed that an uncorrelated data sequence has been modulated using complex-valued source data symbols chosen from an arbitrary, e.g. r-PSK or r-QAM, constellation. A T × M LDC matrix codeword, S LDC , is transmitted over M channels and occupies T channel uses and encodes Q source data symbols. Denote the LDC codeword matrix as S LDC ∈ C T ×M , and A q ∈ C T ×M , B q ∈ C T ×M , q = 1, ..., Q are called dispersion matrices. Unlike [9] , which considers LDC only as space time codes, we consider LDC as a general complex matrix coding framework.
Just as in [6, 10] , we consider the case A q = B q , q = 1, ..., Q. We have LDC encoding in the matrix form equation,
T is the source complex symbol vector,
is the LDC encoding matrix. Details can be found in [6, 10] . 
LDC , which encodes source data symbol vector with zero mean, unit variance,
, where Q i is the number of source data symbols in
For the LDC-CP-SCM receiver, frequency-domain equalization (FDE) can be applied as illustrated in Figure  A· 1 . The received SCM data block is first FFT-processed. Then, the influence of the frequency-selective channel impulse response is eliminated by the FDE. The inverse FFT operation returns the equalized signals to the time domain prior to LDC decoding.
LDC-SCM receiver

First estimation step -SCM demodulation
In the proposed LDC decoding algorithm, LDC decoding is independent of SCM signal estimation. Thus, the proposed LDC-SCM system is backwards-compatible to conventional SCM systems.
In Section 6, performance is investigated using minimum-mean-squared-error (MMSE) equalization. Assuming that single carrier symbols are normalized to unit variance, the respective frequency and time domain equalizers are given by [11] 1. CP-SCM MMSE-FDE
2. ZP-SCM MMSE-TDE
is the covariance matrix of the kth SCM block within one LDC-SCM block, which can be calculated using LDC encoding matrices.
In ZP-SCM system, the carrier frequency offset (CFO) acts as multiplicative noise that reduces the useful signal amplitude but does not cause ISI, thus ZP-SCM is more robust against CFO. Although ZP-SCM system does not perform explicit accurate frequency domain equalization (FDE), ZP-SCM could be formulated as an approximate frequency domain equalizer (AFDE).
P is a is a circulant matrix with
Thus, we have
Consequently, we could rewrite (3) in the AFDE form,
ZP S C . The corresponding MMSE-AFDE equalizer is given by
Note that matrix inversion of the CP-SCM MMSE-FDE equalizer (6) may be performed element-wise if channel data symbols are uncorrelated. However, matrix inversion of ZP-SCM MMSE time domain equalization (MMSE-TDE) equalizer (9) cannot be accurately performed in the elementwise fashion due to the non-diagonal matrix U. However, if
(9) can be approximated as
which we call MMSE low complexity approximate FDE (MMSE-LC-AFDE). The approximation (10) may work better when
is closer to zero, and in this case, U is closer to a discrete Fourier transform matrix. In (11), we extend the low complexity MMSE equalizer structure for ZP-OFDM in [8] to ZP-SCM systems.
Second estimation step -LDC-SCM block decoding
Reorganizing the results of the first estimation step into D estimated LDC matrix codewords, S (i)
.., D, the estimated data symbol vectors corresponding to D LDC blocks are
Low complexity approaches -LTC-SCM
Unlike the general class of LDC of codeword size T × M, where M > 1, we consider a special class of LDC of codeword size T × 1, which we term linear transformation codes (LTC). Since single-carrier block communications themselves may achieve a certain degree of frequency diversity order, we proposes to apply LTC across multiple SCM blocks, which we call LTC-SCM. LTC-SCM is a class of low complexity approaches to achieve joint frequency and time diversity. Note that frequency diversity is not obtained from this transformation but from inherent properties of single-carrier block communications.
Peak-to-average power ratio (PAPR)
Single-carrier complex matrix codes (SCCMC) are currently proposed as space time block codes in the literature, and usually possess lower PAPR than OFDM. However, the PAPR of SCCMC is often higher than that of conventional constellation-based SCM. Fortunately, designing lower PAPR SCCMC is easier than designing lower PAPR OFDM based systems. Some initial efforts in addressing this issue can be found in [12, 13] .
Carrier frequency offsets
Conventional constellation-based SCM have fewer problems with regard to carrier frequency offsets (CFO). We are interested in investigating performance of LDC-CP-SCM under CFO effects. With minor modification, we extend CP-OFDM CFO system model in [14] to CP-SCM as follows:
where N FS stands for frequency synchronization rate (FSR) per SCM block. In other words, (a − 1) is set to zero every N FS SCM blocks;
For comparison purposes, we also consider CP-OFDM under CFO effects, i.e.,
Based on models (13) and (14), a comparison of CFO effects is provided through simulations in Section 6.3. Note that there are well-known techniques to reduce CFO effects using CFO compensation and estimation [2, 15, 16] . The CFO compensation for LDC-SCM may be considered as future work,
Diversity properties
For simplicity, we only analyze the diversity properties of LDC-CP-SCM, since it is easier to consider frequencydomain signals in order to study both temporal and frequency diversity, the chosen object to be analyzed is z
Thus the whole LDC-CP-SCM block with FFT outer processing in each SCM block can expressed as matrix C
where c
We write the system equation for the block C as
where received signal vector R and noise vector V are of size N C T × 1. The chosen frequency symbol diagonal matrix M is of size N C T × N C T , and
The channel vector H is of size N C T × 1, and
1 , H
2 , ..., H
p is the p-th subchannel gain of k-th SCM block in C in the frequency domain. Thus H
, where
With the above frequency domain formulation, partly following the analysis strategy for LDC-CP-OFDM in [6] , the diversity properties of LDC-CP-SCM are analyzed. Consider a pair of matrices M andM corresponding to two different blocks C andC. Then the upper bound pairwise error probability between M andM is [17] 
where r is the rank of Λ =
H } is the correlation matrix of H, γ a , a = 1, · · · , r, are the non-zero eigenvalues of Λ.
Then the corresponding rank and product criteria are as follows: We remark that we can obtain a sufficient condition for LDC-CP-SCM to achieve full available joint frequency and time diversity in the channels, which is provided in Theorem 1. 1. The necessary and sufficient condition to ensure rank
In a LDC-CP-SCM system, the rank of
satisfies rank
a. The LDC-CP-SCM system achieves full available diversity order in the frequency selective channels, i.e. rank (Λ) = rank (R H ). 
b. The corresponding product design criterion for LDC-CP-SCM block is that the minimum of the products
0.
Note that this condition is a sufficient and necessary condition for frequency diversity and a sufficient condition for time diversity.
The proof is provided in the Appendix. Note that single-carrier systems are inherently able to achieve some frequency diversity. However, full frequency diversity order is not guaranteed in conventional uncoded single-carrier communications systems, especially in uncoded CP-SCM systems, and the frequency coding gain may be further improved through careful design [18, 19] . A LDC-SCM block is across multiple SCM blocks in block time varying channels, and the LDC-SCM system has potential to achieve joint frequency-time diversity order up to T (L + 1), which is the maximally achievable diversity order or full diversity order. Although the design strategy of LDC-SCM systems to support a certain order of frequency diversity is different from that of LDC-OFDM [6] , we can obtain the following corollary on the relation between full joint frequency and time diversity LDC-CP-SCM and LDC-CP-OFDM.
Corollary 1. Assume that a LDC-CP-OFDM block, C LDC OFDM , with N C subcarriers and T OFDM blocks achieves full joint frequency and time diversity order. Before IFFT, the k-th OFDM block within the LDC-CP-OFDM block C LDC OFDM is expressed as x (k)
OFDM , where k = 1, ..., T and x
Then the k-th SCM block within a LDC-CP-SCM, C LDC S CM , can be designed as
where k = 1, ..., T and x
The consequence is that this LDC-CP-SCM achieves full joint frequency and time diversity order in the time varying frequency selective channel.
Corollary 1 provides a method for constructing full joint frequency and time diversity LDC-CP-SCM. However, since the IFFT is involved, this LDC-CP-SCM construction is the same as LDC-CP-OFDM with IFFT processing, one may be concerned with related problems, such as high PAPR.
Performance
Simulation setup
Perfect channel knowledge is assumed at the receiver but not at the transmitter. Unless specifically mentioned, the number of data symbols per SCM block, N C , is 32. Two LDC constructions are considered in the simulations 1. U-LDC and HH-LDC: For T ≤ M, uniform linear dispersion codes (U-LDC) [20] is defined as below:
is a zero matrix. The T × M U-LDC dispersion matrices are:
where k = 1, ..., T and l = 1, ..., M. In the case of T = M, U-LDC becomes the HH square code as described in (31) of [9] .
LCP-LDC and FTLCP-LDC:
The Q × Q LCP-LDC [6] encoding matrix could be constructed using linear constellation precoding design A (LCPA) [21, 22] as
where Q = N F T , and [21, 22] . One encoding matrix of LTC considered in the simulations is also LCPA. We propose the encoding matrix of a Fourier Transformed LCP-LDC(FTLCP-LDC) as
The LDC or LTC symbol coding rates of the proposed systems used in simulations are all unity. Compared with uncoded CP-SCM systems, no bandwidth is lost unless forward error control is used. The sizes of all LDC codewords are identically T × N F . Unless specifically mentioned, an evenly spaced mapping either from LDC to channel data symbol index for LDC-CP-SCM or from LDC to subcarrier index for LDC-CP-OFDM is used in simulations.
The frequency selective channel has (L + 1) paths exhibiting an exponential power delay profile, and the guard interval size of each SCM block is set to N g = L. Source data symbols use QPSK modulation in all simulations. When CCI is a multiple of T , i.e. CCI = 16, the effects of time diversity in the channels are removed, and it can be observed that the performances of LDC-SCM and SCM are quite similar, which suggests that the LDC-SCM systems using the chosen LDC do not provide notable frequency coding improvement over SCM systems.
When CCI is not a multiple of T , i.e. CCI < 16, clearly, BER performance of LDC-SCM is remarkably better than that of both uncoded SCM, which is primarily attributed to time diversity. Time diversity order is maximized only if the channel provides block-wise temporal independence. As shown in Fig. A· 2 , the performance of LDC-SCM systems is significantly influenced by channel dynamics, i.e., time correlation. This indicates that LDC-SCM effectively exploits available temporal diversity.
Comparison of LDC-ZP-SCM and ZP-SCM under MMSE vs. low complexity MMSE receivers
Fig. A· 3 shows the comparison of LDC-ZP-SCM and ZP-SCM using MMSE-TDE and MMSE-LC-ADFE. Due to the layered TSE structure discussed in Section 4, it can been seen that, even at low complexity, LDC-ZP-SCM using MMSE-LC-ADFE performs close to that using MMSE TDE over the entire SNR range. At a BER of 10 −3 , LDC-ZP-SCM using low complexity MMSE equalizer results in only 0.4dB performance degradation.
Comparison between LDC-CP-SCM and LDC-CP-OFDM systems
In this subsection, we test coded system performance using maximum likelihood decoding, and set N C = N F = 8 and T = 2. Fig. A· 4 shows a diversity performance comparison of BER vs. SNR between LDC-CP-SCM and LDC-CP-OFDM. The design cases of CCI = 1 significantly outperforms the design cases of CCI = 2. The best performance of two optimal cases, LDC-OFDM (LCP-LDC) and LDC-SCM (FTLCP-LDC) perform similarly, which agrees with the result in Corollary 1. As shown in Fig. A· 4 , simply applying LCP-LDC in SCM systems does not obtain desirable performance. However, the performance of U-LDC in SCM systems is acceptable.
Comparison of cyclic-prefix (CP) based systems under CFO effects
In Fig. A· 5 , the detrimental effects of CFO are observed.
Under the normalized CFO setting of ε = 0.02, CP based systems without CFO outperform those with CFO, especially at higher SNRs. In higher SNRs, the performance loss of LDC-CP based systems due to CFO effects is higher than that of uncoded CP based systems. Although having the highest performance loss under CFO effects, LDC-CP-SCM has the best performance in time varying frequency selective channels. In all curves shown, LDC-CP-SCM (using HH-LDC) perform similarly to LTC-CP-SCM (using LCPA), which suggests that LTC-CP-SCM (using LCPA) is close full joint frequency-time diversity design. It is deserved to remark that compared to general LDC-SCM, LTC-SCM has much lower complexity, which agrees with the design principle of SCM-FDE for mobile terminal or uplink transmission.
Conclusions
This paper proposes the use of high-rate LDC in singlecarrier block communications systems with either cyclicprefix or zero-padding guard intervals in time-varying frequency selective channels. This paper also provides a sufficient condition for LDC-CP-SCM to maximize all available joint frequency and time diversity gain and coding gain. This paper provides the relation between LDC-OFDM and LDC-SCM of full joint frequency-time diversity designs. Simulations reveal that LDC-SCM may outperform both uncoded SCM in time-varying frequency selective channels, even under CFO effects. LDC-ZP-SCM may be implemented using low complexity MMSE equalizers without significant performance degradation. Finally, this paper also proposes a low complexity LDC-SCM design, LTC-SCM, which is able to have performance close to that of joint full frequency-time diversity design.
Appendix: Proof of Theorem 1
Proof. 1) Note that M −M is a diagonal matrix. Thus, to maximize rank of M −M, the necessary and sufficient condition is that all the diagonal elements are non-zero. Thus, to ensure rank
it is necessary
and sufficient to have c
S C , where p = 1, ..., N C and k = 1, ...T . Hence, the necessary and sufficient condition is [ z
where p = 1, ..., N C and k = 1, ...T .
2) Note that the condition is that the rank of frequency domain matrix satisfies rank
Using the relevant derivation strategy used in [6] , we get
] T ] T . The frequency domain symbols in LDC-SCM are the results of size N C Fourier transformation of source symbols, and thus the size of M must be N C T × N C T . Note that the size of frequency-time block
Further, the product design criterion for CP-SCCB is that the minimum of products,
taken over distinct codewords must be maximized. 
